
 
 

Bundles and Conformal Blocks with a Twist 
Programme 

 
Monday 13 June 2022 

09.00-10.10 Registration with coffee 

10.10-11.00 Jochen Heinloth 
Minicourse: Introduction to parahoric torsors 

11.00-11.30 Coffee/Tea  

11.30-12.20  Jochen Heinloth 
Minicourse: Introduction to parahoric torsors 

12.20-14.00  Lunch 

14.00-14.50  Prakash Belkale 
Rigid local systems and the multiplicative eigenvalue problem 

15.00-15.50  Michael Rapoport 
Purity for G-bundles 

15.50-16.10 Coffee/Tea  

16.10-17.00  Thomas Baier 
On Hitchin's connection 

17.00-18.00 Welcome Reception at ICMS provided by Blue Sky Catering 

Tuesday 14 June 2022 

09.30-10.20 Jochen Heinloth 
Minicourse: Introduction to parahoric torsors 

10.20-10.50 Coffee/Tea  

10.50-11.40 Jochen Heinloth 
Minicourse: Introduction to parahoric torsors 

11.50-12.40  Richard Wentworth 
The Hitchin connection for parabolic G-bundles 

12.40-14.00  Lunch 

14.00-14.50  Vikraman Balaji  (online) 
Degeneration of G-torsors and Bruhat-Tits group schemes 

14.50-15.20 Coffee/Tea  

15.20-16.10  Constantin Teleman 
Higher Verlinde formula and Mirror symmetry 

16:30-17:30 Whisky Tasting at ICMS – Provided by Whiski Rooms 

  



Wednesday 15 June 2022 

09.30-10.20 Emily Cliff  (online) 
Moduli spaces of principal 2-group bundles and a categorification of the Freed-Quinn line bundle 

10.20-10.50 Coffee/Tea  

10.50-11.40 Olga Trapeznikova  (online) 
The Verlinde formula and K-theory of the moduli space of parabolic vector bundles 

11.50-12.40  Jørgen Ellegaard Andersen 
Generalized Hitchin Connections with applications to quantization of Moduli Space of parabolic vector 
bundles 

12.40-14.00  Lunch 

14.00-14.50  Philip Boalch 
Diagrams, fission spaces and global Lie theory 

14.50-15.20 Coffee/Tea  

15.20-16.10  Ana Peón-Nieto 
Geometry of wobbly bundles 

Thursday 16 June 2022 

09.30-10.20 Marina Logares 
Assorted Hitchin integrable systems 

10.20-10.50 Coffee/Tea  

10.50-11.40 Tanmay Deshpande 
Crossed modular categories and the Verlinde formula for twisted conformal blocks 

11.50-12.40  Angela Gibney  (online) 
Vector bundles of VOA conformal blocks on the moduli space of stable pointed curves of genus g 

12.40-14.00  Lunch 

14.00-14.50  Jiuzu Hong 
Twisted conformal blocks and their dimension 

14.50-15.20 Coffee/Tea  

15.20-16.10  Katrin Wendland 

SU(2) channels the cancellation of K3 BPS states 

18.00-20.00 Conference Dinner at Blonde 71-75 St. Leonard's St, Edinburgh EH8 9QR 

Friday 17 June 2022 

09.30-10.20 Arzu Boysal 
Volumes of moduli spaces of flat bundles over surfaces and the Verlinde formula 

10.20-10.50 Coffee/Tea  

10.50-11.40 Maciej Szczesny 
Conformal blocks for complex surfaces and beyond 

11.50-12.40  Christian Pauly 
The Prym-Hitchin connection 

12.40-14.00  Lunch and end of the workshop 

 
 
 

Bundles and Conformal Blocks with a Twist 
Abstracts 



Jørgen Ellengard Andersen 
Generalized Hitchin Connections with applications to quantization of Moduli Space of parabolic vector 
bundles 

We will review our approach to the generalization of Hitchin connection and demonstrate how it can be applied to 
construct a projectively flat connection in the bundle over moduli space of curves obtained by applying geometric 
quantization to the moduli spaces of parabolic vector bundles. For the case of genus zero and certain weights we recall 
our results that this projectively flat connection is projectively equivalent to the KZ-connection. The talk ends with a 
discussion of new results showing that our generalized Hitchin connection construction applies to the very general 
situation of arbitrary families ofcomplex structures on symplectic manifold. 

 
Thomas Baier 
On Hitchin's connection 

I will present an algebro-geometric (re-)construction of Hitchin's connection on the non-abelian theta functions, in the 
setting of a more general framework for connections defined by heat operators with prescribed symbol map going back 
to van Geemen-de Jong. This talk is based on joint work with M.Bolognesi, J.Martens and C.Pauly. 

 
Vikram Balaji 
Degenerations of G-torsors and Bruhat-Tits group schemes 

In the talk I plan to discuss the construction of a flat degeneration of the moduli of G-torsors on smooth projective curves 
when the smooth curve degenerates to an irreducible nodal curve and also to give an intrinsic definition of (semi)stability 
for a G-torsor on an irreducible projective nodal curve. A generalisation of the classical Bruhat-Tits group schemes to two-
dimensional regular local rings provides the key tools. 

 
Prakash Belkale  
Rigid local systems and the multiplicative eigenvalue problem 

Local systems are sheaves which describe the behavior of solutions of differential equations. A local system is rigid if local 
monodromy determines global monodromy. We give a construction which produces irreducible complex rigid local 
systems on a punctured Riemann sphere via quantum Schubert calculus and strange duality. These local systems are 
unitary and arise from a study of vertices in the polytopes controlling the multiplicative eigenvalue problem for the special 
unitary groups SU(n) (i.e., determination of the possible eigenvalues of a product of unitary matrices given the 
eigenvalues of the matrices). Roughly speaking, we show that the strange duals of the simplest vertices (which can be 
inductively determined) of these polytopes give (all) possible unitary irreducible rigid local systems. We note that these 
polytopes are generalizations of the classical Littlewood-Richardson cones of algebraic combinatorics. Answering a 
question of Nicholas Katz, we show that there are no irreducible rigid local systems on a punctured Riemann sphere of 
rank greater than one, with finite global monodromy, all of whose local monodromies have orders dividing n, when n is 
a prime number. 

 
Philip Boalch  
Diagrams, fission spaces and global Lie theory 

I’ll recall how to construct algebraic Poisson varieties (twisted wild character varieties) by gluing pieces of surface with 
wild boundary conditions (extending the q-Hamiltonian framework), and then move on to discuss the link to quiver 
varieties and how this may be generalised, leading to a theory of “diagrams” for the wild character varieties (i.e. the wild 
nonabelian Hodge moduli spaces in their Betti algebraic structure). 

The most recent development involves understanding the diagrams in the twisted case, that generalise the usual quivers. 
In particular we finally understand the appearance of “affine B2” on Okamoto’s 1992 list of Weyl groups of the Painleve 



equations. Much of this is motivated by quite straightforward questions about classifying rational Lax representations of 
finite dimensional integrable systems. 

Some references: 

 The first examples of fission spaces were really in Birkhoff’s 1913 paper; they were shown to be qHamiltonian in 
arXiv:math/0203161, but they weren’t given this name until Ann. Inst. Fourier 59, 7 (2009), and the story was 
then extended to the general case in arXiv:1111.6228, arXiv:1512.08091 (joint with Yamakawa); 

 The theory of diagrams is in arXiv:1907.11149 (with Yamakawa), and has been extended by Doucot 
arXiv:2107.02516. 

 
Arzu Boysal 
Volumes of moduli spaces of flat bundles over surfaces and the Verlinde formula 

We explain how to derive the Witten series calculating the symplectic volume of moduli spaces of flat Gconnections over 
surfaces from the Verlinde formula. We also demonstrate how to calculate such multiple Bernoulli series for classical root 
systems; certain special cases of these give multiple zeta values. This is joint work with V.Baldoni and M. Vergne. 

 
Emily Cliff 
Moduli spaces of principal 2-group bundles and a categorification of the Freed–Quinn line bundle 

A 2-group is a higher categorical analogue of a group, while a smooth 2-group is a higher categorical analogue of a Lie 
group. An important example is the string 2-group in the sense of Schommer-Pries. We study the notion of principal 
bundles for smooth 2-groups, and investigate the moduli ”space” of such objects. In particular, in the case of flat principal 
bundles for a finite 2-group over a Riemann surface, we prove that the moduli space gives a categorification of the Freed–
Quinn line bundle. This line bundle has as its global sections the state space of Chern–Simons theory for the underlying 
finite group. We can also use our results to better understand the notion of geometric string structures (as previously 
studied by Waldorf and Stolz–Teichner). 

 
Tanmay Deshpande 
Crossed modular categories and the Verlinde formula for twisted conformal blocks 

It is well known that there is a close relationship between the notions of (untwisted) conformal blocks, modular functors, 
modular categories and the Verlinde formula. I will describe joint work with S. Mukhopadhyay which generalizes many 
of these classical ideas to the twisted set up. Let G be a finite group. I will describe the notions of G-crossed modular 
functors and G-crossed modular categories and the relationship between them. Now consider a simple Lie algebra 
equipped with a G-action preserving a Borel sub-algebra and a positive integer level. We will see how the associated 
vector bundles of twisted conformal blocks allow us to define a G-crossed modular functor and the corresponding G-
crossed modular category. Finally we apply these ideas to derive a twisted Verlinde formula that computes the ranks of 
the vector bundles of twisted conformal blocks. 

 
Angela Gibney 
Vector bundles on the moduli space of curves from representations of VOAs 

Ab Given any vertex operator algebra V, Zhu defined an associative algebra A(V), and showed that to any A(V)-module, 
one can associate an admissible Vmodule. This gives rise to a functor taking n-tuples of A(V)-modules to a sheaf of 
coinvariants (and its dual sheaf of conformal blocks) on moduli spaces of Deligne-Mumford stable n-pointed curves. If V 
is strongly rational (in which case A(V) is finite and semi-simple), much is known about these sheaves, including that they 
are coherent and satisfy factorization and sewing properties. Factorization and sewing allow one to show the sheaves are 
vector bundles with Chern classes in the tautological ring. In this talk I will describe a program in which we are aiming for 
analogous results after removing the assumption of rationality. As a first step, we replace the factorization formula with 



an inductive one that holds in case A(V) is finitely generated. As an application, we show that if A(V) is finite, the sheaves 
are coherent. This is new and ongoing joint work with Krashen and Damiolini, extending work with Damiolini and Tarasca.  

 
Jochen Heinloth 
Minicourse: Introduction to parahoric torsors 

The notion of a parahoric group was originally introduced by Bruhat and Tits in an arithmetic context, where the problem 
of finding useful integral versions for e.g., a rational vector space equipped with a quadratic from appears in many 
situations. 

Pappas and Rapoport explained that in geometry, these notions also allow to put an interesting class of moduli problems 
of bundles on curves equipped with various kinds of extra structure into a common framework, as moduli of bundles for 
parahoric groups. They conjectured that these moduli spaces share many features that are known for moduli spaces of 
principal bundles. 

In these lectures I will try to motivate the notion starting from this geometric perspective, and introduce the basic 
constructions used by Bruhat-Tits in a geometric setup. 

 
Jiuzu Hong 
Twisted conformal blocks and their dimension 

The dimension of conformal blocks attached to algebraic curves can be computed by Verlinde formula. This was proved 
based on the works of Tsuchiya-Ueno-Yamada, Faltings, Teleman, etc. The theory of twisted conformal blocks was 
recently developed by Damiolini in special case, and by Hong-Kumar in full generality. A Verlinde type formula for the 
dimension of twisted conformal blocks (with some restriction) has recently been proved by Deshpande-Mukhopdhyay 
using the machinery of crossed modular categories. Following the original ideas of proving Verlinde formula, I will present 
an approach towards the Verlinde formula for twisted conformal blocks. More precisely, I will explain some reduction 
theorems, and also a partial result of vanishing theorem of Lie algebra cohomology, which was originally proved by 
Teleman in the non-twisted setting. This talk will be based on an ongoing joint work with Shrawan Kumar. 

 
Marina Logares 
Assorted Hitchin integrable systems 
 
Christian Pauly 
The Prym-Hitchin connection 

This talk is a continuation of the talk by Thomas Baier presenting an algebraic construction of the Hitchin connection on 
the sheaf of non-abelian theta functions. I will give an application of this construction to the case of anti-invariant vector 
bundles over a curve equipped with an involution. This case can also be viewed as an example of torsors under some 
parahoric group scheme. I also give examples for low rank bundles and low genus curves. 

This is joint work with T. Baier, M. Bolognesi, J. Martens and H. Zelaci. 

 
Ana Peón-Nieto 
Geometry of wobbly bundles 

Very stable bundles, and their counterpart, wobbly bundles, have been studied since the eighties. Besides (conjecturally) 
defining a divisor in the moduli space of bundles, wobbly bundles play a central role in the programme towards geometric 
Langlands by Donagi and Pantev via Higgs bundles and mirror symmetry. In this talk, I will speak about some geometric 
features of wobbly bundles, including pure codimensionality and C* flows within the nilpotent cone. 



 
Michael Rapoport 
Purity for G -bundles 

A well-known classical theorem states that a vector bundle over the punctured spectrum of a regular Noetherian local 
ring of dimension two extends uniquely to a vector bundle over the whole spectrum. I will discuss variants of this purity 
theorem for G-bundles. As an application, I will compare parabolic bundles in the sense of Balaji-Seshadri and of Pappas-
Rapoport. 

Matt Szczesny 
Conformal blocks for complex surfaces and beyond 

One (complex) dimensional conformal field theory provides a tool for constructing interesting sheaves (of conformal 
blocks) on moduli spaces of curves and bundles. In this talk I will discuss how this story might generalize to complex 
surfaces and beyond using the tools and language of holomorphic field theories and factorization algebras as developed 
by Costello, Gwilliam, Li, and Williams. 

 
Constantin Teleman 
Higher Verlinde formula and Mirror symmetry 

The Verlinde formula describes the dimensions of global sections of Theta-line bundles over the moduli BunG of G-
bundles on a curve. I will review the generalizations to vector bundles (due to Woodward and myself) and the relation to 
3-dimensional topological gauge theory “with Hyperkaehler linear matter,” via the Coulomb branch of the same. 

 
Olga Trapeznikova 
The Verlinde formula and K-theory of the moduli space of parabolic vector bundles. 

The Verlinde formula, an expression for the Hilbert function of the moduli spaces of parabolic vector bundles on Riemann 
surfaces, is one of the most beautiful results in enumerative geometry. In this talk, I will present a new proof of this 
formula (joint work with Andras Szenes) based on a wallcrossing technique and the tautological Hecke correspondence. 
A more general problem is the calculation of Euler characteristics of universal vector bundles on moduli spaces, and I will 
explain how our approach can be used to deduce explicit formulas in this case. This result was motivated by the work of 
Teleman and Woodward. 

 
Katrin Wendland 
SU(2) channels the cancellation of K3 BPS states 

The so-called BPS states in a conformal field theory with extended supersymmetry are key when assigning a geometric 
interpretation to the theory. Standard invariants for such theories arise from a net count of BPS, half or quarter BPS 
states, according to the Z2 grading into ‘bosons’ and ‘fermions’. 

This allows for boson-fermion pairs of states to cease being BPS under deformation of the theory. The talk will give a 
review of this phenomenon, arguing that it is ubiquitous in theories with geometric interpretation by a K3 surface. For a 
particular type of deformations, we propose that the process is channelled by the action of SU(2) on an appropriate 
subspace of the space of states. 

This is joint work with Anne Taormina. 

Richard Wentworth 
The Hitchin connection for parabolic G-bundles 

I will discuss aspects of the construction of a Hitchin connection on the bundle of generalized theta functions for parabolic 
G-bundles, as well as its relationship with the projective connection on conformal blocks. 



This is joint work with Indranil Biswas and Swarnava Mukhopadhyay. 

 

 


